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Abstract
We present a formalism for computing the higher-order corrections to
the worldvolume action of a co-dimension one kink soliton embedded
in five-dimensional heterotic M-theory. The geometry of heterotic M-
theory, as well as the effective theory which describes a five-brane
wrapping a holomorphic curve by a topological kink in a scalar field,
is reviewed. Using this formalism, the explicit worldvolume action is
computed to second order in two expansion parameters–one describing
the “warp” of the heterotic geometry and the second the fluctuation
length of the soliton hypersurface. The result is expressed in terms of
the trace of the extrinsic curvature and the intrinsic curvature scalar.
ovrut@elcapitan.hep.upenn.edu, stokesj@sas.upenn.edu
1 Introduction
There has been considerable interest in calculating the worldvolume effective
action of topological solitons in various contexts. The lowest order Dirac-
Born-Infeld (DBI) term was given for differing theories in [1–9]. In [10, 11],
Gregory and collaborators presented a compelling formalism for comput-
ing higher-order corrections to the action of co-dimension one scalar “kink”
solitons in the “probe brane” limit. This involves a series expansion in a
parameter ǫ, the ratio of the kink thickness to the typical worldvolume fluc-
tuation length. Using this method, the explicit worldvolume action of a
probe kink in a flat background bulk space was computed [11] to second or-
der. Recently [12], this formalism was modified and extended to calculate the
explicit higher-order terms in the worldvolume action of a scalar kink soliton
in anti-deSitter (AdS) spacetime. This was carried out to second order in
ǫ and a second parameter δ–the ratio of the kink thickness to the radius of
the AdS space. The result contains, in addition to the usual (DBI) interac-
tion, three higher-dimensional terms. These are proportional to Kˆ, Rˆ(4) and
Kˆ2, where Kˆ and Rˆ(4) are the intrinsic and extrinsic scalar curvatures of the
worldvolume respectively. The DBI, Kˆ and Rˆ(4) terms are the L2, L3 and
L4 conformal Galileons [13–20] computed with explicit coefficients. However,
Kˆ2 is not a Galileon, and was shown to be of comparable magnitude in any
region of temporal/spatial gradients.
The formalism developed in [12] allows one to explicitly compute the
worldvolume effective actions of co-dimension one solitons in a much wider
range of physical theories–such as superstrings and M-theory. Of particular
interest is the five-brane soliton of M-theory; see, for example, [21,22]. When
compactified on a small radius Calabi-Yau threefold times an S1/Z2 inter-
val of greater length, M-theory gives rise to heterotic M-theory [23–25]. This
consists of a five-dimensional bulk spacetime with two boundary walls–the ob-
servable and hidden sectors respectively–with one or more co-dimension one
domain walls corresponding to five-brane solitons wrapped on holomorphic
curves in the Calabi-Yau manifold [26–28]. Heterotic M-theory is particularly
compelling, since the gauge connection in the observable sector [29–36] can
be chosen so that the low energy spectrum of the theory is precisely that of
the minimal supersymmetric standard model (MSSM)–that is, three families
of quarks/leptons with one pair of Higgs-Higgs conjugate superfields–along
with three right-handed neutrino supermultiplets, one per family [37–39].
The topological and four-dimensional worldvolume spectrum of a single five-
1
brane wrapped on a holomorphic curve was analyzed in [26]. However, the
explicit description of this wrapped soliton in terms of the field content of
heterotic M-theory has not yet been presented.
As a first approach to this problem, an effective heterotic theory was
presented in [40]. This consists of the bulk space metric and dilaton of het-
erotic M-theory augmented by an extra scalar field χ. Topologically charged
boundary walls represent the observable and hidden sectors. In addition, a
specific potential energy for the dilaton and χ is added to the effective bulk
Lagrangian. Using the associated BPS equations, it is shown that this the-
ory admits a kink soliton solution which preserves four-dimensional N = 1
supersymmetry. The solution depends only on the fifth coordinate of the
bulk space and represents the M-theory five-brane wrapped on a holomor-
phic curve. In this paper, we will use the effective five-dimensional heterotic
M-theory presented in [40] and extend the BPS kink solution to include super-
symmetry breaking dependence on the four worldvolume coordinates. This
is accomplished using the expansion formalism developed in [12]. We then
explicitly compute the higher-order corrections to the worldvolume effective
action to second order in the two expansions parameters.
Specifically, we will do the following. In Section 2, the five-dimensional
heterotic theory presented in [40] is reviewed. In the absense of the scalar χ,
this is exactly the metric and dilaton sector of heterotic M-theory. Imposing
an ansatz for these fields and the appropriate boundary conditions, we present
the solution of the equations of motion, first found in [24,25], that is sourced
at the two boundaries and preserves N = 1 four-dimensional supersymmetry.
The associated BPS equations are then given and this solution is shown to
satisfy them, as it must. Using the simpler BPS equations, solutions for the
metric and dilaton in two different coordinate “gauges” are presented, as well
as an analysis of the range of the associated fifth bulk space coordinate. This
will be the background geometry in which the kink solution of the scalar χ
will be embedded. Following [40], the scalar field χ is introduced, along with
a potential for both the dilaton and χ. It is shown, using a specific gauge,
that the χ equation of motion admits a topological kink soliton as a solution.
It is this kink that models the wrapped heterotic five-brane.
The authors of [40] go on to solve for the metric and dilaton, including the
backreaction from the kink soliton. This, however, is not what is required for
our analysis. Backreaction greatly complicates the calculation of the soliton
worldvolume action. Instead, following [10, 11] and [12], we will employ the
“probe brane” limit; that is, the kink soliton living in the pure heterotic
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geometry without backreaction. It is necessary to prove that such a probe
limit is well-defined within the context of heterotic M-theory. This is shown
in detail in the first subsection of Section 3. Having established this, we then
introduce the ǫ expansion–as well as an expansion in a second parameter δ–
and use it to solve for non-supersymmetric kink solutions that, in addition to
the fifth bulk coordinate, also depend on the four worldvolume coordinates.
Following [10–12], this is accomplished within the context of Gaussian normal
coordinates. The associated equations for the metric and extrinsic curvature
are presented, along with the equations of motion for both the dilaton and χ.
The metric and extrinsic curvature equations are solved first. As discussed
in [12], the difficulty of solving the extrinsic curvature equation is greatly
reduced by Weyl rescaling to a “flat” metric variable. This equation then
dramatically simplifies and the new metric and extrinsic curvature are easily
solved for. One then scales back to the original variables–thus solving the
problem. This is accomplished to first order in ǫ.
Using these results, in the final subsection of Section 3 we solve the scalar
equations of motion, beginning with the dilaton. The order ǫ0 dilaton equa-
tion is presented and explicitly solved. We then find the exact solution for
the order ǫ1 dilaton equation and discuss its properties. Importantly, it is
demonstrated that this solution is equivalent to finding the “off-shell” re-
lationship between the original fifth bulk coordinate and the Gaussian nor-
mal/worldvolume coordinates. The order ǫ0 and order ǫ1 equations for χ are
then presented. The order ǫ0 equation is shown to admit the topological kink
solution found above, as it must. The ǫ1 equation, however, is considerably
more involved and can only be solved numerically. We do this for several
canonical choices of parameters and present the results.
In Section 4, we present the formalism required to compute the four-
dimensional worldvolume action of a kink hypersurface embedded in the het-
erotic background geometry. Inserting results from the previous sections, the
action is then calculated using the ǫ-expansion–associated with the fluctu-
ation length of the worldvolume–as well as an expansion in the parameter
δ–measuring the “warp” in the heterotic geometry. We work to second order
in these parameters. To make the expressions more tractable, several addi-
tional simplifying assumptions are made. First, we set two, a priori arbitrary,
parameters to specific canonical values; second, we place the kink soliton at
the center of the fifth dimensional interval; and third, we assume that both
the “warp radius”, 1/α, and the worldvolume fluctuation length, L, lie out-
side this interval–that is 1/α, L > πρ/2. Doing this provides a natural cut-off
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for all integrals at the heterotic boundary walls. Using these physically rea-
sonable assumptions, we explicitly compute the kink hypersurface effective
Lagrangian. As in the AdS case [12], we find that, in addition to the DBI
term, there are three higher-derivative contributions. These are proportional
to Kˆ, Rˆ(4) and Kˆ2, where Kˆ, Rˆ(4) are the trace of the extrinsic curvature and
the intrinsic scalar curvature respectively. The coefficients of these terms, as
well as the overall “brane tension”, depend on three parameters–the width
of the kink, l, the warp, δ, and the location of the boundary walls, u0. For
a chosen u0, graphs of the coefficients as functions of δ and l are presented.
Finally, we partially relax our final assumption, allowing L to become smaller
than πρ/2. In this case, one must cut off all integrals at ±1/ǫ. We find that
only the coefficient of the Kˆ term changes substantially. A graph of this
coefficient for differing values of ǫ is presented.
2 Kink Solitons in d=5 Heterotic Spacetime
Pure Heterotic Geometry
We begin by reviewing some properties of d = 5, N = 1 supersymmetric
heterotic M-theory. In the absence of any bulk three-branes, the bosonic
action is given by
S = − 1
2κ25
(∫
M5
d4xdy
√−g(1
2
R +
1
4
gmn∂mφ∂nφ+
1
3
α2e−2φ
)
+
∫
M
(1)
4
d4x
√−g2αe−φ −
∫
M
(2)
4
d4x
√−g2αe−φ
)
, (1)
where gmn is the five-dimensional metric and φ is the dimensionless dilaton.
The fifth coordinate y of the bulk space M5 labels the interval between the
fixed points 0 and πρ of the orbifold S1/Z2, where ρ is the radius of S
1.
M
(1)
4 and M
(2)
4 are the four-dimensional orbifold planes located at y = 0 and
y = πρ respectively. Finally, parameters κ5 and α are the dimension −3/2
Planck constant and the dimension 1 boundary charge.
It is straightforward to derive the order two Einstein and dilaton equations
of motion in the bulk spacetime. These must be solved subject to appropriate
boundary conditions. Imposing the ansatz
ds2 = e2A(y)dxµdxνηµν + e
2B(y)dy2, φ = φ(y) (2)
4
it was shown in [24, 25] that a solution is given by
e2A(y) = a20h(y), e
2B(y) = b20h(y)
4, eφ(y) = b0h(y)
3 (3)
where
h(y) = −2
3
(αy + c0) (4)
and a0, b0 and c0 are real constants. Since e
2A > 0, h(y) must be positive
over the entire range of y. Hence, c0 must be chosen so that
c0 < −απρ . (5)
Similarly, eφ > 0 requires
b0 > 0 . (6)
Note that when computed on S1/Z2,
∂2yh = −
4
3
α
(
δ(y)− δ(y − πρ)) , (7)
showing that this solution is sourced at both boundaries with the appropriate
charge. Furthermore, by examining the variation of the associated fermions
it was shown in [24, 25] that this solution preserves half of the d = 5, N = 1
supersymmetries, leaving a four-dimensional N = 1 supersymmetry unbro-
ken. Thus, heterotic M-theory arises as a BPS double domain wall vacuum
of the effective action (1).
To find solutions that preserve d = 4, N = 1 supersymmetry, it is far
simpler to use the associated first order BPS equations. For the ansatz (2),
the BPS equations are given by
e−BA′ = −α
3
e−φ, e−Bφ′ = −2αe−φ . (8)
The signs on the right-hand side of each equation have been chosen so as to
automatically satisfy the correct boundary conditions. It is straightforward
to show that any solution of (8) also satisfies the second order equations of
motion, but, of course, not vice-versa. To solve (8), first note that for any
function B they imply
A =
1
6
φ+ A0 , (9)
where A0 is a constant. To go further, however, one must specify the form
of B. It is clear from (2) that this is a “gauge” choice, dependent on which
5
coordinate y is used. As a check on this formalism, consider the canonical
orbifold coordinate y ∈ [0, πρ] and take
e2B(y) = b20h(y)
4, h = −2
3
(αy + c0) . (10)
It then follows from the second equation in (8) and (9) that
eφ(y) = b0h(y)
3, e2A(y) = a20h(y) (11)
respectively, where
a20 = e
2A0b
1
3
0 . (12)
That is, (3),(4) is a solution of the BPS equations (8), as it must be. This
is the gauge in which the geometry of heterotic M-theory was originally
expressed [24, 25].
Another useful coordinate choice is to take
B = 0 . (13)
In this gauge the metric and dilaton are of the form
ds2 = e2A(z)dxµdxνηµν + dz
2, φ = φ(z) . (14)
It is clear from (2) and (10) that this will be the case for any coordinate z
defined by
dz = b0h(y)
2dy . (15)
It is convenient to choose the coefficients so that z has the same range as y,
that is, z ∈ [0, πρ]. This is easily accomplished by the appropriate choice of
the integration constant and by demanding that b0 and c0 satisfy
(απρ+ c0)
3 − c30 =
27απρ
4b0
. (16)
In order for c0 to satisfy condition (5), one must choose the negative root of
the quadratic equation and restrict
b0 <
27
4(απρ)2
. (17)
It then follows that
z =
4b0
27α
(
(αy + c0)
3 − c30
)
, (18)
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which has the desired range.
The BPS equations in B = 0 gauge are easily solved. First, note that the
second equation in (8) simply integrates to
eφ(z) = −2αz + e0 (19)
for any z satisfying (15). Specifying z to be (18), the constant is fixed by
noting that z = 0 implies y = 0 and, hence,
e0 = e
φ(0) = b0h(0)
3 = −8b0c
3
0
27
. (20)
It follows that
eφ(z) = −2αz − 8b0c
3
0
27
. (21)
Note from constraint (16) that this expression is always positive, as it must
be. Inserting this into (9), one finds
e2A(z) = a20b
−1/3
0
(− 2αz − 8b0c30
27
)1/3
(22)
where we have used (12). As a check, let us express h(y) in (10) in terms of
the coordinate z given in (18). We find that
h(y) = b
−1/3
0
(− 2αz − 8b0c30
27
)1/3
. (23)
Hence, (21) and (22) are simply b0h
3 and a20h written in terms of the coordi-
nate z.
It is convenient to simplify notation by defining
C = a20(
b0
2
)−1/3, D = −4b0c
3
0
27
. (24)
Equations (21) and (22) then become
eφ(z) = 2(−αz +D) , (25)
e2A(z) = C(−αz +D)1/3 (26)
respectively. The coefficients C and D are subject to contraints (6), (17) for
b0 and (5), (16) for c0, but otherwise are arbitrary. Be that as it may, it is
useful to note that choosing
D = 1
2
⇒ φ(z) α→0−→ 0 (27)
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and
C = 1D1/3 ⇒ A(z)
α→0−→ 0 . (28)
It follows that the heterotic geometry will have both vanishing dilaton and
a flat metric in the α→ 0 limit if one takes
C = 21/3 , D = 1
2
. (29)
We will use these values when doing explicit numerical computations below.
Although we will work predominantly in B = 0 gauge, it will be useful
at one point in our calculation to go to a third coordinate z′ for which
B = A . (30)
This puts the metric in manifestly conformally flat form. In B = 0 gauge,
the metric can be written as
ds2 = e2A(z)
(
dxµdxνηµν + e
−2Adz2
)
, (31)
where e2A(z) is given in (22). It then follows that z′ is defined by
dz′ = e−A(z)dz . (32)
Happily, we will only need this defining relationship in the following.
Including Bulk Three-Branes
As discussed in [26, 27], the requirement of anomaly cancellation can neces-
sitate introducing d = 4, N = 1 preserving 3-branes into the bulk space. A
fundamental description of these branes in d = 5 heterotic spacetime has not
yet been given. However, an effective theory in which a three-brane arises
as a kink solution of a scalar in the heterotic geometry has been presented
in [40]. Let us briefly review their formalism. In addition to the metric and
dilaton, the authors of [40] introduced another dimensionless scalar field χ.
The heterotic action (1) was then generalized to
S = − 1
2κ25
(∫
M5
d4xdy
√−g(1
2
R +
1
4
gmn∂mφ∂nφ+
1
2
e−φgmn∂mχ∂nχ
+V (φ, χ)
)
+
∫
M4
d4x
√−g2W −
∫
M4
d4x
√−g2W
)
, (33)
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where
W = e−φω(χ), V (φ, χ) =
1
3
e−2φω2 +
1
2
e−φ
(dω
dχ
)2
. (34)
Note that the function ω has dimension 1. By construction, this is the
bosonic part of a d = 5, N = 1 supersymmetric effective field theory. It is
straightforward to derive the order two Einstein, dilaton and χ equations of
motion in the bulk, as well as the appropriate boundary conditions. However,
to find solutions that preserve d = 4, N = 1 supersymmetry, it is easier to
use the associated first order BPS equations. For the ansatz
ds2 = e2A(y)dxµdxνηµν + e
2B(y)dy2, φ = φ(y), χ = χ(y) (35)
the BPS equations are given by
e−BA′ = −1
3
e−φω, e−Bφ′ = −2e−φω (36)
e−Bχ′ =
∂ω
∂χ
. (37)
The signs have been chosen so as to automatically satisfy the correct bound-
ary conditions. Any solution of (36),(37) also satisfies the second order equa-
tions of motion, but not vice-versa. Note that choosing by
ω = α , (38)
χ can be set to zero and the A, φ BPS conditions revert to those in the pure
heterotic case (8).
To solve the BPS equations first note that, for any choice of B and ω,
equations (36) imply, once again, that
A =
1
6
φ+ A0 , (39)
where A0 is a constant. One must now specify ω. The authors of [40] choose
ω = mχ
(
v2 − 1
3
χ2
)
, (40)
where constants m and v have dimensions 1 and 0 respectively. This corre-
sponds to introducing the potential
V (φ, χ) =
1
3
e−2φm2χ2(v2 − 1
3
χ2)2 +
1
2
e−φm2(v2 − χ2)2 (41)
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into the action (33). Choosing the coordinate gauge
B = 0 , (42)
they show that the χ equation (37) has a kink solution
χ(0) = v tanh
(
mv(z − z0)
)
(43)
describing a static domain wall located at z = z0 of width
l =
1
mv
. (44)
They also present the solution for the dilaton and A in this gauge. These are
sourced by ω in (40) and, hence, include the “backreaction” of the geometry
to the kink. However, for this reason these exact results are not of interest
here and we won’t present them. Note that the kink solution (43) exists in
any other gauge as well, with z expressed in terms of the new coordinate.
3 The ǫ-Expansion and Non-BPS Kinks
In this paper, we want to generalize this static kink solution to include fluc-
tuations of length scale L in the the remaining four spacetime coordinates.
As described in [10–12], this will be accomplished using an expansion in the
small parameter
ǫ =
l
L
. (45)
To include the backreaction of the kink, it is necessary for consistency to
generalize both the metric gmn and dilaton φ solutions, in addition to χ.
Although possible, this greatly complicates the analysis. To avoid this, in [12]
we employed the “probe” limit in both the flat spacetime and AdS cases,
and want to use this in the heterotic theory as well. However, one must first
demonstrate that the probe limit is well-defined in this context.
The Probe Brane Limit
Recall that taking ω = α brings one back to the pure heterotic case without
bulk three-branes. The φ and A geometry is then completely specified; for
example, by (21) and (22) in the B = 0 gauge. Now, generalize ω to
ω = α +mχ
(
v2 − 1
3
χ2
)
. (46)
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This allows the kink solution of the χ equation (37) but, since it appears on
the right-hand side of each equation in (36), introduces potential backreaction
on the heterotic geometry. To analyze the probe limit, let us re-express the
BPS equations (36) and (37) in terms of dimension 3
2
fields Φ and χ˜. We find
that
e−BA′ = −1
3
e−Φ/M
3/2
P
ω
M3P
, e−BΦ′ = −2e−Φ/M3/2P ω
M
3/2
P
(47)
e−Bχ˜′ =
∂ω
∂χ˜
, (48)
where ω(χ˜) now has dimension 4 and MP is the dimension 1 Planck mass
defined as
MP = κ
2/3
5 . (49)
The specific ω in (46) now becomes
ω =M3Pα + m˜χ˜
(
v˜2 − 1
3
χ˜2
)
, (50)
where m˜ and v˜ have dimensions −1
2
and 3
2
respectively. Rescaling to dimen-
sionless variables as
Φ→M3/2P φ, χ˜→ ηχ, m˜→
m
η
, v˜ → ηv (51)
where η is a dimension 3
2
parameter, the BPS equations become
e−BA′ = −α
3
e−φ
(
1 + (
η2
M3P
)(
m
α
)χ(v2 − 1
3
χ2)
)
,
e−Bφ′ = −2αe−φ(1 + ( η2
M3P
)(
m
α
)χ(v2 − 1
3
χ2)
)
(52)
and
e−Bχ′ = m
(
v2 − χ2) . (53)
Under the assumption that parameters η and m are independent of the d=5
Planck mass, it follows that in the limitMP →∞ the BPS equations simplify
to
e−BA′ = −α
3
e−φ, e−Bφ′ = −2αe−φ (54)
e−Bχ′ = m
(
v2 − χ2) . (55)
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Note that (54) are precisely the equations for the pure heterotic geometry
without three-branes, whereas (55) is the same as the χ equation which
admits the kink solution. We conclude that a well-defined probe limit exists
in which the kink lives in the pure heterotic background without backreaction.
Generalizing the purely z dependent kink solution to include spatial fluc-
tuations, necessarily breaks N = 1 supersymmetry. It follows that this anal-
ysis must be conducted using the order two equations of motion. It is te-
dious, but straightforward, to extend the previous argument to show that the
stress-energy of the χ field decouples from the order two Einstein and dilaton
equations when MP → ∞. In this probe limit, the relevant Lagrangian for
χ is given by
Lχ = −1
2
(η2
2
)
e−φgmn∂mχ∂nχ− 1
2
V (φ, χ) , (56)
where gmn and φ are fixed in the heterotic background specified by the solu-
tions to (54). Noting that in rescaled variables (50) becomes
ω = M3Pα + η
2mχ
(
v2 − 1
3
χ2
)
, (57)
the potential leading to the kink solution is given by
V (φ, χ) =M3P
1
3
α2e−2φ
(
1 + (
η2
M3P
)(
m
α
)χ(v2 − 1
3
χ2)
)2
+
1
2
e−φη2m2(v2 − χ2)2 −M3P
1
3
α2e−2φ
MP→∞−→ 2
3
η2e−2φαmχ(v2 − 1
3
χ2) +
1
2
η2e−φm2(v2 − χ2)2 . (58)
Note that we have subtracted off the part of the potential energy that acts
as the source of the pure dilaton background solution. The associated χ
equation of motion is
χ− gmn∂mφ∂nχ− 1
η2
eφ
∂V
∂χ
= 0 . (59)
Since the solutions to the BPS conditions also satisfy the second order equa-
tions of motion, it follows that for background fields gmn and φ of the pure
heterotic geometry, equation (59) continues to admit the kink solution. In
B = 0 gauge, this is given in (43).
12
Gaussian Normal Coordinates
Using the probe limit, one can now generalize this to kink solutions that
depend on the remaining four spacetime coordinates as well as the fifth di-
mension. As in the flat spacetime and AdS cases discussed in [12], this will be
achieved using a perturbative expansion in the small parameter ǫ in (45). It
is most easily carried out in Gaussian normal coordinates, defined as follows.
Let Σ be the kink defect worldsheet and nm the unit geodesic normal to Σ.
Generalize z − z0, where z0 is the location of the kink in the ǫ→ 0 limit, to
be the proper length along the integral curves of nm and denote zg = z − z0.
Note that this vanishes on the specific kink hypersurface. The remaining
four worldsheet coordinates of Σ will be denoted by σµ, µ = 0, . . . , 3.
Each constant zg surface has a unit normal nm, with an intrinsic metric
hmn and extrinsic curvature Kmn defined as
hmn = gmn − nmnn, K = hpm∇pnn (60)
respectively. These two quantities are not independent. The metric and
extrinsic curvature are related by
Lnhmn = 2Kmn , (61)
where Ln is the Lie derivative along the nm vector field. Furthermore, in a
general curved five-dimensional spacetime there is a constraint equation on
the extrinsic curvature given by
LnKmn = KmpKpn −R(5)rspqnsnqhrmhqn . (62)
For the heterotic background geometry defined above, we find that
R(5)rspqn
snqhrmh
p
n =
5
36
α2
(−α(zg + z0) +D)2hmn . (63)
Written in Gaussian normal coordinates the χ equation of motion (59)
becomes
L2nχ +KLnχ +DmDmχ−LnφLnχ− hmn∂mφ∂nχ−
1
η2
eφ
∂V
∂χ
= 0 , (64)
where
K = hmnKmn, Dm = h
p
m∇p (65)
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and φ is the background dilaton solution given by (21) in B = 0 gauge. The
fact that the background dilaton solution enters the equation of motion of
the kink scalar is new to heterotic M-theory, and requires us to generalize
the formalism of [12]. In the probe limit where the background decouples
from the χ field, the equation of motion of the dilaton φ is given by
φ+
4
3
α2e−2φ = 0 . (66)
In terms of Gaussian normal coordinates this becomes
L2nφ+KLnφ+DmDmφ+
4
3
α2e−2φ = 0 . (67)
This equation will allow us to express the fixed dilaton solution (21) in B = 0
gauge in terms of Gaussian normal coordinates.
The ǫ-Expansion
Scaling to dimensionless variables
u =
zg
l
, u0 =
z0
l
, Kmn =
1
L
κmn (68)
equations (61),(62),(64) and (67) become
h′mn = 2ǫκmn , (69)
ǫκ′mn = ǫ
2κmpκ
p
n −
5
36
δ2
(−δ(u+ u0) +D)2hmn (70)
χ′′ + ǫκχ′ + ǫ2DmDmχ− χ′φ′ + ǫ2DmχDmφ
−2(1− χ2)(δ
3
− χeφ)e−φ = 0 (71)
φ′′ + ǫκφ′ + ǫ2DmDmφ+
4
3
δ2e−2φ = 0 (72)
where ′ = ∂
∂u
, we have defined
δ = αl . (73)
Note that, without loss of generality, we have set parameter v = 1 in the
potential energy term of (71).
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These equations can now be solved by expanding each dimensionless
quantity as a power series in ǫ. That is, let
χ = χ(0) + ǫχ(1) +
ǫ2
2
χ(2) +O(ǫ3), (74)
φ = φ(0) + ǫφ(1) +
ǫ2
2
φ(2) +O(ǫ3), (75)
hmn = h(0)mn + ǫh(1)mn +
ǫ2
2
h(2)mn +O(ǫ3), (76)
κmn =
1
ǫ
κ(0)mn + κ(1)mn +
ǫ
2
κ(2)mn +
ǫ2
6
κ(3)mn +O(ǫ3) (77)
where each coefficient is either purely u-dependent or a function of all five
coordinates (σµ, u). Substituting these into (69)-(72), one obtains equations
for each coefficient function order by order in ǫ.
The Metric and Extrinsic Curvature:
We begin our analysis by considering the hmn and κmn equations, (69) and
(70) respectively. Note that the hmn term on the right side of (70), which
arises from the non-vanishing curvature tensor (63), indicates that the lowest
order extrinsic curvature κ(0)mn must be non-vanishing. The same situation
occurs in the AdS case [12], and greatly complicates the solution of these two
coupled equations. As discussed in [12], this problem can be circumvented
by writing these equations in terms of the rescaled metric
h˜mn = e
−2A(u)hmn , (78)
where
e2A(u) = C(−δ(u+ u0) +D)1/3 . (79)
First consider the hmn equation (69). In terms of h˜mn, this is
∂u(e
2A(u)h˜mn) = 2ǫκmn . (80)
Using (79), it follows that
e2A(u)∂uh˜mn = 2ǫ
(
κmn − δ
ǫ
(
−C3
6
)(e−2A)3hmn
)
. (81)
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As discussed in [12], the metric h˜mn is associated with the B = A gauge and
the coordinate z′ defined in (32). Then
∂u = (e
−2A(u))1/2∂u′ (82)
and (81) becomes
h˜′mn = 2ǫκ˜mn , (83)
where
κ˜mn =
(
κmn − δ
ǫ
(
−C3
6
)(e−2A)3hmn
)
(e−2A)1/2 (84)
and ′ = ∂
∂u′
. Equation (83) replaces (69) and (84) defines the exact relation-
ship between κ˜mn and κmn.
Now consider the κmn equation (70). Inverting expression (84) gives
κmn = κ˜mn(e
2A)1/2 +
δ
ǫ
(
−C3
6
)(e−2A)3hmn . (85)
Inserting this into (70), we find that the curvature term proportional to hmn
exactly cancels, as do several unrelated cross terms. The result is
ǫ∂u
(
κ˜mn(e
2A)1/2
)
= ǫ2κ˜mpκ˜qnh˜
pq . (86)
Finally, using (79) and (82) one finds
ǫκ˜′mn = ǫ
2κ˜mpκ˜qnh˜
pq + δǫ(
C2
6
)(e−2A)5/2κ˜mn (87)
where ′ = ∂
∂u′
. This equation replaces (70). It is important to note that the
inhomogenous term proportional to hmn on the right side of (70) has now
been replaced by the term proportional to κ˜mn. Hence, κ˜(0)mn can vanish,
simplifying the remaining calculation.
We now solve the equations (83) and (87) order by order in the ǫ ex-
pansion. First consider the h˜mn equation (83). Substituting (76) and (77)
written in terms of ∼ variables into (83), we find to order ǫ0 and ǫ1 that
h˜′(0)mn = 2κ˜(0)mn , (88)
h˜′(1)mn = 2κ˜(1)mn (89)
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respectively. Similarly, inserting (76) and (77) into the κ˜mn equation (87),
we find to order ǫ0 and ǫ1 that
κ˜′(0)mn = κ˜(0)mpκ˜(0)qnh˜
pq
(0) + δ(
C2
6
)(e−2A)5/2κ˜(0)mn , (90)
κ˜′(1)mn = κ˜(0)mpκ˜(1)qnh˜
pq
(0) + κ˜(1)mpκ˜(0)qnh˜
pq
(0) (91)
+κ˜(0)mpκ˜(0)qnh˜
pq
(1) + δ(
C2
6
)(e−2A)5/2κ˜(1)mn .
Order ǫ0: Since at this order n˜m = n˜5, it follows from (78) that
h˜(0)mn =
ˆ˜h(0)mn(σ) (92)
with ˆ˜h(0)mn unspecified. Hence, the h˜(0)mn equation (88) gives
κ˜(0)mn = 0 , (93)
as expected. Note that the κ˜(0)mn equation (90) is now trivially satisfied.
Order ǫ1: First consider the κ˜(1)mn equation (91). Instead of solving this
directly, it is simpler to go back to (86). Inserting the ǫ-expansion using
κ˜(0)mn = 0, it follows that
∂u(κ˜(1)mn(e
2A)1/2) = 0 . (94)
Therefore,
κ˜(1)mn = (e
−2A)1/2 ˆ˜κ(1)mn(σ) (95)
with ˆ˜κ(1)mn unspecified. Finally, insert (95) into the h˜(1)mn equation (89).
Using (79),(82) and choosing the integration constant so that h˜(1)mn has a
smooth δ → 0 limit, we find that
h˜(1)mn = − 3
δC3
(
(e2A)2 − C2D2/3
)
ˆ˜κ(1)mn(σ) . (96)
Having found h˜mn and κ˜mn to first order in ǫ, one can now immediately
determine hmn and κmn to the same order. Inserting the ǫ-expansions of hmn
and h˜mn into (78), and using (92) and (96), we finds that
h(0)mn = e
2Aˆ˜h(0)mn(σ), (97)
h(1)mn = − 3
δC3
(
(e2A)2 − C2D2/3
)
(e2A)ˆ˜κ(1)mn(σ) . (98)
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Similarly, ǫ expanding κmn, κ˜mn and hmn in the relation (85), and using
(92),(93),(95) and (96), gives
κ(0)mn = −δC
3
6
(e−2A)2
ˆ˜
h(0)mn(σ), (99)
κ(1)mn =
1
2
(
3− C2D2/3(e−2A)2
)
ˆ˜κ(1)mn(σ) . (100)
Finally, we must determine the trace of the extrinsic curvature
κ = hmnκmn (101)
order by order in the ǫ-expansion. The ǫ0 and ǫ1 terms are given by
κ(0) = h
mn
(0) κ(0)mn , κ(1) = h
mn
(0) κ(1)mn + h
mn
(1) κ(0)mn (102)
respectively. It follows immediately from (97) and (99) that
κ(0) = −2δC
3
3
(e−2A)3 , (103)
where we have used the fact that hmn(0) h(0)mn = 4. Similarly, using (97)-(100)
and the relation hmp(0)h(1)pn + h
mp
(1)h(0)pn = 0 we find
κ(1) = (e
−2A)κˆ(1)(σ) , (104)
with κˆ(1)(σ) =
ˆ˜
hmn(0) (σ)
ˆ˜κ(1)mn(σ).
The Scalar Equations of Motion:
The φ Equation– In the probe limit, the dilaton scalar φ is the fixed back-
ground field given by (25) in B = 0 gauge as
eφ(z) = 2(−αz +D) . (105)
Although φ is fixed, the fact that it enters the χ equation of motion requires
one to do an ǫ-expansion of the φ field as well. As we will see, the meaning
of this is to fix the relationship between the z coordinate and the Gaussian
normal coordinate zg order by order in ǫ. To do this, recall that the φ equation
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of motion in Gaussian normal coordinates is given by (72). To order ǫ0 and
ǫ1 in the ǫ-expansion this becomes
φ′′(0) + κ(0)φ
′
(0) +
4δ2
3
e−2φ(0) = 0 , (106)
φ′′(1) + κ(0)φ
′
(1) + κ(1)φ
′
(0) −
8δ2
3
e−2φ(0)φ(1) = 0 (107)
respectively, where κ(0) and κ(1) are given in (103) and (104). In this paper,
it will not be necessary to compute φ(2) and higher order corrections to φ.
Order ǫ0: It is straightforward to show that the solution of (106) is
φ(0) = ln
(
2(−δ(u+ u0) +D)
)
. (108)
Note that this is precisely expression (105) written in the Gaussian normal
coordinate u. This follows from the fact that for L→∞, z/l and u+ u0 are
identical.
Order ǫ1: Since κ(1) ∝ κˆ(1)(σ), we solve (107) using the ansatz
φ(1) = Fφ(u)κˆ(1)(σ) . (109)
It follows that the σ dependence cancels out and (107) becomes a becomes
a differential equation for Fφ(u) given by
F ′′φ−
2δ
3(−δ(u+ u0) +D)F
′
φ−
2δ2
3(−δ(u+ u0) +D)2Fφ−
δ
C(−δ(u + u0) +D) 43
= 0 .
(110)
In determining this expression, we have used (103),(104) and (108). The
general solution of (110) is
Fφ(u) = − 9
4Cδ (D−δ(u+u0))
2
3+C1(D−δ(u+u0))− 23+C2(D−δ(u+u0)) (111)
where C1, C2 are arbitrary constants. These constants can be completely
specified by noting that there is an additional constraint on Fφ. This arises
from the fact that, although being expressed in an ǫ-expansion, the φ field
is fixed to be the background heterotic solution (105). Inserting (105), (108)
and (109) into
φ(z) = φ(0)(u) + ǫφ(1)(u, σ) +O(ǫ2) (112)
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gives
δ
z
l
= δ(u+ u0) + ǫ(δ(u+ u0)−D)Fφκˆ(1) +O(ǫ2) . (113)
Taking the limit δ → 0 while holding the kink width l fixed, we get the
additional constraint that
Fφ
δ→0−→ 0 . (114)
Taylor expanding (111), it is straightforward to show that this will be satisfied
if and only if one chooses
C1 =
9
20
D4/3
Cδ , C2 =
9
5
D−1/3
Cδ . (115)
In this case, the first two terms in the Taylor expansion vanish and
Fφ = δfφ , (116)
where
fφ =
1
2CD4/3 (u+ u0)
2 +O(δ(u+ u0)3) . (117)
Expression (111) with constants (115) can be numerically evaluated for given
values of C, D, u0 and δ. Several explicit examples are presented in Figure
1.
Finally, note that (113) can now be written as
z
l
= (u+ u0)− ǫ(D − δ(u+ u0))fφ(u)κˆ(1)(σ) +O(ǫ2) . (118)
It follows that the ǫ-expansion of φ simply relates the original dimensionless
coordinate z
l
to the Gaussian normal coordinate u and worldvolume coor-
dinates σµ order by order in ǫ. For example, by definition u = 0 on the
kink hypersurface Σ. It follows that the location of the hypersurface in the
original z
l
coordinate, evaluated to order ǫ, is given by
z
l
= u0 + ǫ(D − δu0)fφ(u0)κˆ(1)(σ) . (119)
Note that, at this stage of the calculation, the σ-dependent factor κˆ(1)(σ)
is necessarily undetermined. It can only be evaluated from the equation of
motion of the worldvolume action–which we will determine below.
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Figure 1: Numerical solution for Fφ with C = 21/3, D = 1/2 and u0 = 5.
We compute Fφ for δ = 0 (solid), δ = 0.005 (dotted) and δ = 0.01 (dashed)
respectively.
The χ Equation– Recall that the χ equation of motion in Gaussian normal
coordinates is given by (71). To order ǫ0 and ǫ1 in the ǫ-expansion this
becomes
χ′′(0) + κ(0)χ
′
(0) − φ′(0)χ′(0) − 2(1− χ2(0))(
δ
3
− χ(0)eφ(0))e−φ(0) = 0 (120)
χ′′(1) + κ(0)χ
′
(1) + κ(1)χ
′
(0) − φ′(1)χ′(0) − φ′(0)χ′(1) +
2
3
e−2φ(0)
(
2δχ(0) + 3e
φ(0)
(1− 3χ2(0))
)
χ(1) +
2
3
e−2φ(0)φ(1)(1− χ2(0))(2δ − 3e2φ(0)χ(0)) = 0 (121)
respectively, where κ(0),κ(1) are given in (103),(104) and φ(0),φ(1) in (108),(109).
It will not be necessary to compute χ(2) and higher order corrections to χ.
Order ǫ0: It is straightforward to show that the solution of (120) is
χ(0) = tanh(u) . (122)
Note that this is precisely expression (44) written in the Gaussian normal
coordinate u with v = 1. This follows from the fact that for L→∞, z/l and
u+ u0 are identical.
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Order ǫ1: Since κ(1), φ(1) ∝ κˆ(1)(σ), we solve (121) using the ansatz
χ(1) = Fχ(u)κˆ(1)(σ) . (123)
It follows that the σ dependence cancels out and (121) becomes a becomes
a differential equation for Fχ(u) given by
F ′′χ −
(2δC3
3
(e−2A)3 + φ′(0)
)
F ′χ +
2
3
e−2φ(0)
(
2δχ(0) + 3e
φ(0)(1− 3χ2(0))
)
Fχ
+
2
3
e−2φ(0)(1− χ2(0))(2δ − 3e2φ(0)χ(0))Fφ + (e−2A − F ′φ)χ′(0) = 0
(124)
Unlike the case for Fφ, we can only solve the Fχ equation numerically for
given values of C, D, u0 and δ. Several explicit examples are presented in
Figure 2.
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Figure 2: Numerical solution for Fχ with C = 21/3, D = 1/2, u0 = 5 and,
from left to right, δ = 0, 0.005, 0.01. The x- and y-axis correspond to u and
Fχ respectively.
We conclude that to this order in ǫ,
χ = tanh(u) + ǫFχ(u)κˆ(1)(σ) +O(ǫ2) (125)
is kink soliton that depends on the four spacetime coordinates σµ as well as on
u. As in the flat spacetime and AdS cases discussed in [12], χ is continuous,
but not continuously differentiable, across the u = 0 hypersurface.
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4 The Worldvolume Effective Action
The worldvolume effective action for the kink soliton in χ can now be calcu-
lated to any required accuracy in the ǫ expansion. It is given by
S4 =
∫
M4
d4σ
√
−h|u=0Lˆχ (126)
where
Lˆχ =
∫
dzgJLχ , J =
√−g√−h|u=0
. (127)
Lχ is the decoupled χ Lagrangian density (56). It convenient to write zg = lu
and let
Lχ = − η
2
4l2
L , (128)
where L is dimensionless. Then
Lˆχ = −η
2
4l
∫
duJL . (129)
First consider the factor J . The metric gmn is the background heterotic
metric (14),(26) in B = 0 gauge. Taylor expanding
√−g around the location
of the kink hypersurface, that is, u = 0 in Gaussian normal coordinates, we
find
√−g =
√
−h|u=0
(
1+ ǫuκ|u=0+ ǫ
2
2
u2(κ2−κmnκmn−L2R(5)mnnmnn)|u=0+ . . .
)
(130)
Using (60),(63) and hmnh
mn = 4, gives
L2R(5)mnn
mnn = L2R(5)rspqn
snqhrmh
p
nh
mn =
5
9 (D − δ(u+ u0))2
(δ/ǫ)2 . (131)
It follows that
J = 1 + ǫJ(1) +
ǫ2
2
J(2) +O(ǫ3) , (132)
where
J(1) = uκ|u=0 , J(2) = u2
(
κ2 − κmnκmn − 5
9 (D − δ(u+ u0))2
(δ/ǫ)2
)
|u=0 .
(133)
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Next consider the dimensionless Lagrangian density. Neglecting the spa-
tial derivative terms, which are higher-order in ǫ than required in this paper,
L is given by
L = e−φ(χ′)2 + 4
3
δe−2φ(χ− χ3/3) + e−φ(1− χ2)2. (134)
Inserting the ǫ expansions of the background dilaton (112) and the χ kink
solution (125) into this expression, it follows that
L = L(0) + ǫL(1) + ǫ
2
2
L(2) +O(ǫ3) . (135)
The component Lagrangians L(i) are complicated functions of φ(0),φ(1),χ(0)
and χ(1). For example,
L(0) = e−φ(0)(χ′(0))2 +
4
3
δe−2φ(0)(χ(0) − χ3(0)/3) + e−φ(0)(1− χ2(0))2 , (136)
that is, the original Lagrangian evaluated on the field configurations.
Before presenting the other component Lagrangians, however, we simplify
the calculation in two ways. First, recall that the expressions for φ(0),φ(1) and
χ(1), given in (108),(109), and (123) respectively, contain the arbitrary con-
stants C and D. In the case of φ(1) and χ(1), they enter through the functions
Fφ in (111),(115) and Fχ in (124). We will henceforth, for specificity, make
the canonical choices
C = 21/3 , D = 1
2
(137)
as first discussed in (29) and used in calculating Figures 1 and 2. Second,
in addition to the ǫ expansion in (135) we will also do a systematic power
series expansion in the small parameter δ. To avoid having to compute φ(2)
and χ(2), we work to second order in the expansion parameters only. The
δ parameter enters in two ways–through the Lagrangian density (134) itself
and in the expressions for φ(0),φ(1) and χ(1). The function φ(0) appears in L(0)
and, hence, one must Taylor expand (108) to order δ2. The δ dependence of
φ(1) is contained in the function Fφ, and recall that Fφ ∝ δ. Since φ(1) does
not occur in L(0), we need only its lowest order value. Using (116),(117) and
(137), we find to lowest order that
Fφ = δ(u+ u0)
2. (138)
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The δ dependence of χ(1) is contained in the function Fχ, which begins at
order δ0. Hence, we will need the first two orders in its δ-expansion. For this
purpose, it will be useful to write
Fχ = F
(0)
χ + δF
(1)
χ +O(δ2) , (139)
where, for example, F
(0)
χ is the solution to the Fχ differential equation (124)
in the δ → 0 limit with C and D set to their canonical values. Using the
equations of motion (106),(107) and (120),(121) for φ(0),φ(1) and χ(0), χ(1)
respectively, and then expanding these fields as a power series in δ, each L(i)
splits into its flat-space value plus terms which depend on δ. Explicitly, to
O(ǫ3, ǫ2δ, ǫδ2, δ3) we find that
L(i) = L(i)flat +∆(i) , (140)
where
L(0)flat = 2χ′2(0), L(1)flat = 2(χ′(0)χ(1)flat)′ (141)
L(2)flat = 2
(
(χ′(0)χ(2)))
′ + (χ′(1)flatχ(1)flat)
′ + κˆ(1)χ
′
(0)χ(1)flat
)
and we have defined χ(1)flat = F
(0)
χ κˆ(1). Note that it is not necessary to
expand χ(2) since this only appears as a total derivative term which we will
drop. To the order we are working, the δ-dependent terms are given by
∆(0) = δ∆
(1)
(0) + δ
2∆
(2)
(0) +O(δ3) (142)
∆(1) =
[
δ∆
(1)
(1) +O(δ2)
]
κˆ(1) (143)
∆(2) = O(δ) (144)
with
∆
(1)
(0) = −
4
9
χ(0)(χ
2
(0) − 3) + 4(u+ u0)χ′2(0) (145)
∆
(2)
(0) =
8
9
(u+ u0)
(
6χ(0) − 2χ3(0) + 9(u+ u0)χ′2(0)
)
(146)
∆
(1)
(1) = 2(χ
′
(0)F
(1)
χ )
′ − (u+ u0)2
(
χ′2(0) + (χ
2
(0) − 1)2
)
(147)
+
4
3
(
F (0)χ + 3(u+ u0)(F
(0)
χ )
′
)
χ′(0). (148)
Note that we have not presented the formula for ∆(2) since it contributes an
O(ǫ2δ) term to the effective Lagrangian.
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At this point, we introduce two additional simplifications. First, note that
the parameter u0 = z0/l enters all but the L(0)flat term in (140). Recalling
that the z parameter has the range 0 ≤ z ≤ πρ, we now, for simplicity,
choose the kink hypersurface to be at the center of this interval in the ǫ→ 0
limit. That is, we take
u0 =
πρ
2l
. (149)
It follows that the Gaussian normal coordinate u lies in the symmetric range
−πρ/2l ≤ u ≤ πρ/2l. It is important to note from (25),(26) and the fact
that z ∈ [0, πρ] that choosing D = 1/2 restricts 1/α > 2πρ and, hence,
δ <
1
4u0
. (150)
We will impose this restriction henceforth. Second, since we are expanding
in the small parameter ǫ, the fluctuation length L of the kink hypersurface
should be large compared to the kink width. It is natural, therefore, to
simply take L > πρ/2 and, hence,
ǫ <
1
u0
. (151)
It follows from these two conditions that, since 1/α and L lie outside the
heterotic interval, the boundary walls at ±u0 will act as a natural cut-off for
any integrals appearing in the calculation.
Multiplying J and L gives
JL = Lflat(0)
(
1 +
ǫ2
2
J(2)
)
+ ǫLflat(1)
(
1 + ǫJ(1)
)
+
ǫ2
2
Lflat(2) (152)
+∆(0)
(
1 + ǫJ(1) +
ǫ2
2
J(2)
)
+ ǫ∆(1)(1 + ǫJ(1)) +
ǫ2
2
∆(2) +O(ǫ3)
Note that we have dropped ǫLflat(0)J(1) since it is odd in u and thus integrates
to zero over the symmetric integration region. In order to relate the wall
extrinsic curvature κ|u=0 to the function κˆ(1) appearing in ∆(1), we substitute
the expansions for hmn and κmn into (101). Expanding in δ and evaluating
at u = 0, we find the relation
κˆ(1) = κ|u=0 + 4δ
3ǫ
+O(δ) . (153)
26
Inserting the expressions for ∆(i) and writing κˆ(1) in terms of κ|u=0, we find
that
JL = 2χ′2(0) + ǫ2χ′2(0)u2
(
κ2 − κmnκmn − 20
9
(δ/ǫ)2
)
|u=0+
− ǫ2κ|2u=0χ′(0)F (0)χ +
16
9
δ2χ′(0)F
(0)
χ + δ∆
(1)
(0) + ǫκ|u=0uδ∆(1)(0)+ (154)
+ δ2∆
(2)
(0) + ǫκ|u=0δ∆(1)(1) +
4
3
δ2∆
(1)
(1) +O(ǫ3, ǫ2δ, ǫδ2, δ3)
up to total derivative terms such as ǫL(1)flat and 2(χ′(0)F (1)χ )′ among others.
These total derivatives integrate to boundary terms which are rapidly decay-
ing functions of u. Thus, provided we take the boundary walls to be at a
sufficiently large distance from the kink hypersurface in units of l, such terms
are extremely small and can be ignored. Defining
κˆ(σ) = κ|u=0 , (155)
the effective Lagrangian is then given by
Lˆχ = Lˆ(0) + ǫLˆ(1) + ǫ
2
2
Lˆ(2) +O(ǫ3, ǫ2δ, ǫδ2, δ3) , (156)
where
Lˆ(0) = −η
2
2l
[
II + 2δu0II + δ
2
(
8
9
IIII +
1
2
IIV +
2
3
IV
)]
(157)
Lˆ(1) = −η
2
4l
κˆδ(IV I + IV ) (158)
Lˆ(2) = −η
2
2l
[
III(κˆ
2 − κˆmnκˆmn − (20/9)(δ/ǫ)2)− κˆ2IIII
]
. (159)
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The coefficients are
II =
∫
du χ′2(0) =
4
3
(160)
III =
∫
du u2χ′2(0) =
π2 − 6
9
(161)
IIII =
∫
du Fχχ
′
(0) =
5
18
(162)
IIV =
∫
du∆
(2)
(0)|even =
8
9
(π2 − 4 + 12u20) +
32
9
∫
du u tanhu (163)
IV =
∫
du∆
(1)
(1) =
1
27
(13− 3π2 − 72u20) (164)
IV I =
∫
du u∆
(1)
(0)|odd =
4
9
(π2 − 4) + 1
9
∫
du u sech4 u sinh 4u (165)
with
∆
(1)
(0)|odd =
1
9
sech4 u(36u+ 4 sinh 2u+ sinh 4u) (166)
∆
(2)
(0)|even = 8(u2 + u20) sech4 u+
16
9
u(2 + sech2 u) tanhu (167)
∆
(1)
(1) = −2(u+ u0)2 sech4 u+
4
3
sech2 u
(
F (0)χ (u) (168)
+ 3(u+ u0)F
(0)′
χ (u)
)
and u0 the arbitrary dimensionless parameter given in (149). As discussed
above, it follows from the assumptions (150), (151) that all integrals are
over (−u0,+u0). For u0 sufficiently large, the coefficients II , III , IIII and
IV are well-approximated by integrating over (−∞,+∞). The results are
presented above. However, this is not the case for the IIV , IV I coefficients
since each contains, in addition to a finite piece, a primitively divergent
integral. Cutting these off at ±u0, we find
IIV =
8
9
(π2 − 4 + 12u20) +
32
9
u20, IV I =
4
9
(π2 − 4) + 8
9
u20 . (169)
The final terms in IIV and IV I arise from the cut-off integral in (163) and
(165) respectively.
Before stating the final result, we note that the Lagrangian can be simpli-
fied by writing it in terms of the intrinsic scalar curvature using the Gauss-
Codazzi relation
Rˆ(4) = Kˆ2 − KˆnmKˆmn +R(5) − 2R(5)mnnmnn. (170)
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It follows from the metric (14),(26) that the five-dimensional Ricci tensor for
the heterotic background geometry in B = 0 gauge is
R(5) = −4(5A′2 + 2A′′) = 7α
2
9(D − zα)2 . (171)
Using (118) to relate the B = 0 gauge coordinate z to the dimensionless
Gaussian normal coordinate u, Taylor expanding in both ǫ and δ to the
required order, as well as setting D = 1/2 gives
L2R(5) =
28
9
(
δ
ǫ
)2
+O(ǫ, δ3) . (172)
Similarly, from (131) we find
L2R(5)mnn
mnn =
20
9
(
δ
ǫ
)2
+O(δ3) . (173)
Putting this together, it follows that to the required order
Rˆ(4) = Kˆ2 − KˆnmKˆmn −
4
3L2
(
δ
ǫ
)2
+O(ǫ, δ3) . (174)
Rewritten in dimensionful variables, using (174) and truncating the action
at second order in the parameters, the worldvolume Lagrangian (156) is given
by
Lˆχ = −2η
2
3l
M40
(
1 + C0Kˆ + CIRˆ
(4) + CIIKˆ
2
)
, (175)
where
M40 = 1 + 2δu0 + δ2
(
−1
3
III +
2
3
IIII +
3
8
IIV +
1
2
IV
)
(176)
and
C0 =
(IV + IV I
M40
)3l
8
δ, CI =
( III
M40
)3l2
8
, CII = −
( IIII
M40
)3l2
8
. (177)
Inserting the values of the III , IIII , IV coefficients given in (161), (162),(164)
and the IIV , IV I coefficients in (169), it follows that
M40 = 1 + 2δu0 + δ2
[
13
54
(
π2 − 37
13
)
+ 4u20
]
(178)
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and
C0 =
1
8
(
π2−35
9
−16
3
u20
) lδ
M40
, CI =
(π2 − 6
24
) l2
M40
, CII = − 5
48
l2
M40
. (179)
Note that in the limit α → 0 and, hence, δ → 0, Lagrangian (175) becomes
the flat spacetime Lagrangian presented in [12]. For a specified value of u0,
the overall coefficientM40 as well as the three coupling parameters C0/l, CI/l2
and CII/l
2 can be calculated numerically as functions of δ. For example, these
parameters are plotted in graphs (A),(B),(C) and (D) respectively in Figure
3 for u0 = 5. Note that C0 has the correct limiting value of C0 → 0 as δ → 0.
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Figure 3: Plots of M0, C0/l, CI/l2 and CII/l2 as functions of δ for u0 = 5.
Note that 0 ≤ δ < 1/4u0 = 0.05.
For completeness, we consider the implications of relaxing assumption
(151). In this case, the natural cut-off in units of l is 1/ǫ. Repeating the above
calculation with the new cut-off, we find that M0, CI and CII are almost
unaffected whereas C0 can receive sizable corrections. These are displayed
for various values of ǫ in Figure 4.
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Figure 4: Plots of the C0/l for the natural choice of ǫ > 1/u0 = 0.2 (solid),
for ǫ = 0.25 (dotted) and for the upper bound on a perturbative expansion
ǫ = 1 (dashed).
Finally, we note that all σµ-dependent quantities in the effective action–
that is,
√−h|u=0, Kˆ, Rˆ(4) and Kˆ2–can be expressed in terms of a worldvolume
scalar field π(σ) corresponding to translation in the fifth direction in heterotic
spacetime. The explicit formulas are presented in the Appendix.
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Appendix
Recall from (14) and (26) that in B = 0 gauge
ds2 = C(−αz +D)1/3dxµdxνηµν + dz2 (180)
where z ∈ [0, πρ]. Applying the formalism presented in [41] to this heterotic
background metric, we find in terms of the “brane-bending” worldvolume
scalar field π(σµ) with µ = 0, . . . , 3 that
√−h|u=0 = f 4
√
1 +
1
f 2
(∂π)2, (181)
Kˆ = γ
(
f−1f ′(5− γ2)− f−2[Π] + f−4γ2[π3]
)
, (182)
Rˆ(4) = γf−4
(
γ
[
[Π]2 − [Π2] + 2γ
2
f 2
(−[Π][π3] + [π4]) ] (183)
+6
f 3f ′′
γ
(− 1 + γ2)+ 2γff ′[− 4[Π] + γ2
f 2
(
f 2[Π] + 4[π3]
)]
−6(ff
′)2
γ
(
1− 2γ2 + γ4))
where ∂ = ∂
∂σµ
, contraction is with respect to a flat metric ηµν ,
f = C1/2 [−α(z0 + π) +D]1/6 , (184)
γ =
1√
1 + (∂π)2/f 2
, (185)
z0 is the location of the kink hypersurface when ǫ → 0 and ′ = ∂∂pi . Here
Π = ∂µ∂νπ, square brackets denote tracing with respect to ηµν and [π
n] =
∂π · Πn−2 · ∂π. For example, [π3] = ∂µπ∂µ∂νπ∂νπ.
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